Computation of 2-groups of narrow logarithmic divisor classes of number
  fields by Jaulent, Jean-François et al.
ar
X
iv
:0
80
1.
09
15
v1
  [
ma
th.
NT
]  
7 J
an
 20
08
Computation of 2-groups of narrow
logarithmi divisor lasses of number
elds
Jean-François Jaulent, Sebastian Pauli,
Mihael E. Pohst & Florene SorianoGafiuk,
Abstrat. We present an algorithm for omputing the 2-group
eCℓ
res
F of narrow
logarithmi divisor lasses of degree 0 for number elds F . As an appliation, we
ompute in some ases the 2-rank of the wild kernel WK2(F ) and the 2-rank of its
subgroup K
∞
2 (F ) := ∩n≥1K
n
2 (F ) of innite height elements in K2(F ).
Résumé. Nous présentons un algorithme de alul du 2-groupe des lasses logarith-
miques de degréé nul au sens restreint
eCℓ
res
F pour tout orps de nombres F . Nous en
déduisons sous ertaines hypothèses les 2-rangs du noyau sauvage WK2(F ) ainsi que
du sous-groupe K
∞
2 (F ) := ∩n≥1K
n
2 (F ) des éléments de hauteur innie dans K2(F ).
1 Introdution
In [8℄ J.-F. Jaulent pointed out that the wild kernel WK2(F ) of a number
eld F an also be studied via logarithmi lass groups, the arithmeti of whih
he therefore developed in [9℄.
More preisely, if F ontains a primitive 2ℓ-th root of unity, the ℓ-rank of
WK2(F ) oinides with the ℓ-rank of the logarithmi lass group C˜ℓF . So an
algorithm for omputing C˜ℓF for Galois extensions F was developed rst in [4℄
and later generalized and improved for arbitrary number eld in [3℄.
In ase the prime ℓ is odd and the eld F does not ontain a primitive ℓ-
th root of unity one onsiders the ylotomi extension F ′ := F (ζℓ), uses the
isomorphism
µℓ ⊗ C˜ℓF ′ ≃ WK2(F ′)/WK2(F ′)ℓ ,
and gets bak to F via the so-alled transfer (see [11℄ and [16℄). The algorithmi
aspet of this is treated in [14℄.
In ase ℓ = 2, whenever the ondition ζ2ℓ ∈ F is not fullled, the relationship
between logarithmi lasses and exoti symbols is more intriate. For instane,
when the number eld F has a real embedding, F. Soriano-Gauk observed in
[15℄ that one may then dene a narrow version of the logarithmi lass group
by analogy with the lassial ideal lass groups; and she used this in [16℄ for
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approximating the wild kernel more losely. But, unexpetedly, the 2-rank of
this restrited logarithmi lass group C˜ℓ resF sometimes diers from the 2-rank
of the groupWK2(F ). Moreover, in this ase the wild kernelWK2(F ) may dier
from its subgroup K∞2 (F ) := ∩n≥1Kn2 (F ) of innite height elements in K2(F ).
This was observed by J. Tate and then made more expliit by K. Huthinson
(f [6, 7℄).
That last diulty was nally solved in [12℄,where the authors onstruted a
positive lass group ad ho Cℓ posF whih has the same 2-rank as the wild kernel
WK2(F ). Nevertheless, in ase the set PEF of dyadi exeptional primes of the
number eld F is empty, that group Cℓ posF appears as a fator of the full narrow
logarithmi lass group Cℓ resF (without any assumption on the degree), so one
may still use narrow logarithmi lasses in order to ompute the 2-rank of the
wild kernel.
In the present paper we use the results from [3℄ on (ordinary) logarithmi
lass groups and develop an algorithm for omputing the narrow groups C˜ℓ resF
in arbitrary number elds F . As a onsequene, this algorithm alulates the 2-
rank of the wild kernelWK2(F ) whenever the eld F has no dyadi exeptional
plaes.
The omputation of the 2-rank of WK2(F ) in the remaining ase (PEF 6= ∅)
will be solved in a forthoming artile where we ompute the nite positive
lassgroup Cℓ posF and its subgroup C˜ℓ posF of positive lasses of degree 0.
2 The group of narrow logarithmi lasses C˜ℓ resF
In this preliminary setion we reall the denition and the main properties
of the arithmeti of restrited (or narrow) logarithmi lasses. We refer to [9℄
and [16℄ for a more detailed aount.
Throughout this paper the prime number ℓ equals 2 and F is a number eld
of degree n = r + 2c with r real plaes, c omplex plaes and d dyadi plaes.
Aording to [8℄, for every nite plae p of F there exists a 2-adi p-valuation
v˜p whih is related to the wild p-symbol in ase the ylotomi Z2-extension of
Fp ontains i. The degree degF p of the plae p is a 2-adi integer suh that the
image of RF := Z2 ⊗Z F× under the map Log | |p is the Z2-module degF p Z2
(see [9℄), where Log denotes the usual 2-adi logarithm and | |p is the 2-adi
absolute value at the plae p.
The onstrution of the 2-adi logarithmi valuations v˜p yields:
∀α ∈ RF := Z2 ⊗Z F× :
∑
p∈Pl 0
F
v˜p(α) degF p = 0 , (1)
where Pl 0F is the set of nite plaes of the number eld F . Setting
d˜ivF (α) :=
∑
p∈Pl 0
F
v˜p(α) p
with values in DℓF :=
⊕
p∈Pl 0
F
Z2 p, we obtain by Z2-linearity:
degF (d˜ivF (α)) = 0 . (2)
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We then dene the subgroup of logarithmi divisors of degree 0 by:
D˜ℓF :=
{
a =
∑
p∈Pl 0
F
app ∈ DℓF | degF a :=
∑
p∈Pl 0
F
ap degF p = 0
}
;
and the group of prinipal logarithmi divisors as the image of RF by d˜ivF :
P˜ℓF :=
{
d˜ivF (α) | α ∈ RF
}
.
Beause of (2), P˜ℓF is a subgroup of D˜ℓF . And by the so-alled extended Gross
onjeture the fator group
C˜ℓF := D˜ℓF /P˜ℓF
is a nite group, the 2-group of logarithmi divisor lasses (of degree 0) of the
eld F introdued in [9℄.
Now let PRF := {p1, . . . , pr} be the (non empty) set of real plaes of the
eld F and F+ be the subgroup of all totally positive elements in F×, i.e. the
kernel of the sign map
sign∞F : F
× → {±1}r
whih maps x ∈ F onto the vetor of the signs of the real onjugates of x. For
P˜ℓ+F := {d˜ivF (α) | α ∈ R+F := Z2 ⊗Z F+}
the fator group
C˜ℓ resF := D˜ℓF /P˜ℓ+F
is the 2-group of narrow (or restrited) logarithmi divisor lasses (of degree 0)
introdued in [15℄; and it is also nite under the extended Gross onjeture.
In order to make it more suitable for atual omputations, we may dene it
in a slighty dierent way by introduing real signed divisors of degree 0:
Denition 1. With the notations above, the 2-group of real signed logarithmi
divisors (of degree 0) is the diret sum:
D˜ℓ resF := D˜ℓF ⊕ {±1}r;
and the subgroup of prinipal real signed logarithmi divisors is the image:
P˜ℓ resF := {(d˜ivF (α), sign∞F (α)) | α ∈ RF }
of RF := Z2 ⊗Z F× under the (d˜ivF , sign∞F ) map. The fator group:
C˜ℓ resF := D˜ℓ resF /P˜ℓ resF
is the 2-group of narrow logarithmi divisor lasses (of degree 0).
Beause of the weak approximation theorem, every lass in C˜ℓ resF an be
represented by a pair (a,1) where the vetor 1 has all entries 1. So the anonial
map a 7→ (a,1) indues a morphism from D˜ℓF onto C˜ℓ resF , the kernel of whih
is P˜ℓ+F . We onlude as expeted:
C˜ℓ resF = D˜ℓ resF /P˜ℓ resF ≃ D˜ℓF /P˜ℓ+F .
We are now in a situation to present an algorithm for omputing narrow
logarithmi lasses. It uses our previous results of [3℄ on (ordinary) logarithmi
lasses and mimis the lassial feature onerning narrow and ordinary ideal
lasses. We note that this algorithm is a bit more intriate in the logarithmi
ontext sine the logarithmi units are not algebrai numbers and are therefore
not exately known from a numerial point of view.
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3 The algorithm for omputing C˜ℓ resF
We assume in this setion that the number eld F has at least one real plae
and that the logarithmi 2-lass group C˜ℓF is isomorphi to the sum
C˜ℓF ≃
ν⊕
j=1
Z/2njZ
subjet to 1 ≤ n1 ≤ ... ≤ nν . Let aj (1 ≤ j ≤ ν) be xed representatives
of the ν generating divisor lasses (of degree 0). We let (ǫi)i=1,...,r denote the
anonial basis of the multipliative F2-spae {±1}r.
Thus any real signed divisor (a, ǫ) in D˜ℓ resF an be uniquely written:
(a, ǫ) =

 ν∑
j=1
ajaj + d˜ivF (α),
r∏
i=1
ǫbii sign
∞
F (α)


with suitable integers aj ∈ Z, bi ∈ {0, 1} and α ∈ RF .
Then the (aj ,1)j=1,...,ν together with the (0, ǫi)i=1,...,r are a nite set of
generators of the narrow lass group C˜ℓresF . And we just need to detet the
relations among those.
From the desription of the logarithmi lass group C˜ℓF above we get:
2njaj = d˜ivF (αj),
with αj ∈ RF for j = 1, . . . , ν. So we an dene oeients cν+i,j in {0, 1} by:
sign∞F (αj) = ((−1)cν+1,j , . . . , (−1)cν+r,j)
Consequently, a rst set of relations is given by the olumns of the following
matrix A ∈ Z(ν+r)×ν2 :
A =


2n1 0 · · · 0 0
0 2n2 · · · 0 0
.. . · · · . .
.. . · · · . .
0 0 · · · 2nν−1 0
0 0 · · · 0 2nν
−− −− −−− −− −−
ci,j


.
Now, the ν elements αj are only given up to logarithmi units. Hene, we
must additionally onsider the sign-funtion on the 2-group E˜F of logarithmi
units of F (see [8℄). More preisely, in ase
E˜F = {±1}× < ε˜1, ..., ε˜r+c > , (3)
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we dene exponents bi,j via
sign∞F (ε˜j) =
r∏
i=1
ǫ
bi,j
i (4)
and we have, of ourse:
sign∞F (−1) =
r∏
i=1
ǫi .
From a omputational point of view things are a bit more ompliated. We
just know that
E˜F = {x ∈ RF | ∀p : v˜p(x) = 0} (5)
is a subgroup of the 2-group of 2-units E ′F . If we assume that there are exatly
d plaes p1, ..., pd ontaining 2 in F , we have, say,
E ′F = {±1} × 〈ε1, ..., εr+c+d−1〉 .
In the same way that in [3℄, for the alulation of E˜F we x a preision e for our
2-adi approximations by requiring for elements ε of E ′F the relation
v˜pi(ε) ≡ 0 mod 2e (1 ≤ i ≤ d) .
We obtain a system of generators of E˜F by omputing the nullspae of the
matrix
M =

 | 2
e · · · 0
v˜pi(εj) | · · · · ·
| 0 · · · 2e


with r + c + 2d − 1 olumns and d rows. We assume that the nullspae is
generated by the olumns of the matrix
M ′ =


C
− − −
D


where C has r+ c+ d− 1 and D exatly d rows. It sues to onsider C. Eah
olumn (n1, ..., nr+c+d−1)
tr
of the matrix C orresponds to a unit
r+c+d−1∏
i=1
εnii ∈ E˜FR2
e
F
so that we an hoose
ε˜ :=
r+c+d−1∏
i=1
εnii
as an approximation for a logarithmi unit. This proedure yields k ≥ r + c
logarithmi units. Of ourse, by the generalized Gross onjeture we would have
exatly r + c suh units.
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If the integer k whih we get in our alulations is not muh larger than r+c
then we will proeed with the k generating elements of E˜F obtained. Otherwise,
we redue the number of generators by omputing a basis of the submodule of
Zr+c+d−1 whih is the span of the olumns of C. Hene, from now on we may
assume that we have determined exatly r + c generators ε˜1, ..., ε˜r+c of E˜F .
To onlude, with the notations of (4) the olumns of the following matrix
R ∈ Z(ν+r)×(ν+2r+c+1)2 generate all relations for the (aj , 1) and the (0, ǫj):
R =


2n1 | 0 · · · 0 | 0 · · · 0 0
.
.
. | ... ... | ... ... ...
2nν | 0 · · · 0 | 0 · · · 0 0
−− −− −−− | −− −− −− | −− −− −− −−
| 2 | b1,1 · · · b1,r+c 1
ci,j | . . . |
.
.
.
.
.
.
.
.
.
| 2 | bν,1 · · · bν,r+c 1


4 Appliations in K-Theory
We adopt the notations and denitions in this setion from [12℄. In partiular
i denotes a primitive fourth root of unity; and we say that the number eld F
is exeptional when i is not ontained in the ylotomi Z2-extension F
c
of F ,
i.e. whenever the ylotomi extension F c[i]/F is not proyli.
We say that a non-omplex plae p of a number eld F is signed whenever
the loal eld Fp does not ontain the fourth root of unity i. These are the
plaes whih do not deompose in the extension F [i]/F . For suh a plae p,
there exists a non trivial sign-map
signp : F
×
p → {±1},
given by the Artin reiproity map F×p → Gal(Fp[i]/Fp) of lass eld theory.
We say that a non-omplex plae p of F is logarithmially signed if and only
if one has i 6∈ F cp . These are the plaes whih do not deompose in F c[i]/F c.
So the nite set PLSF of logarithmi signed plaes of the eld F only ontains:
(i) the subset PRF of innite real plaes and
(ii) the subset PEF of exeptional dyadi plaes, i.e. the set of logarithmi
signed plaes above the prime 2.
We say that a non-omplex plae p of F is logarithmially primitive if and
only if p does not deompose in the rst step E/F of the ylotomi Z2-extension
F c/F . Finally we say that an exeptional number eld F is primitive whenever
there exists an exeptional dyadi plae whih is logarithmially primitive.
Naturally, the task arises to determine logarithmially signed plaes, i.e.
those non omplex plaes of F for whih i is not ontained in F cp :
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Proposition 2. Let Ep be the rst quadrati extension of Fp in the tower of
eld extension from Fp to F
c
p . Then i ∈ F cp holds preisely for i ∈ Ep.
Proof. Sine F cp/Fp is a Z2-extension, it ontains exatly one quadrati extension
Ep of Fp. So we immediately obtain:
i ∈ F cp ⇔ Fp(i) ⊆ Ep ⇔ i ∈ Ep .
Remark. The extension Ep is Fp(αk) where k is the smallest integer suh that
αk does not belong to Fp with α0 = 0 and αk+1 =
√
2 + αk.
We assume in the following that the number eld F has no exeptional
dyadi plae. Let us introdue the group Cℓ resF of narrow logarithmi lasses
without any assumption of degree:
Cℓ resF = Dℓ resF /P˜ℓ resF .
Via the degree map, we obtain the diret deomposition:
Cℓ resF ≃ Z2 ⊕ C˜ℓ resF ,
where the torsion subgroup C˜ℓ resF was yet omputed in the previous setion. So
the quotient of exponent 2
2Cℓ resF := Cℓ resF /(Cℓ resF )2
ontains both as hyperplanes the two quotients
2C˜ℓ resF relative to C˜ℓ resF and
2Cℓ posF relative to the positive lass group Cℓ posF introdued in [12℄.
Sine, aording to [12℄, this later gives the 2-rank of the wild kernelWK2(F ).
we an extend the results of K. Huthinson [6, 7℄ as follows:
Theorem 3. Let F be a number eld whih has no exeptional dyadi plaes.
(i) If F is not exeptional (i.e. in ase i ∈ F c) the wild kernel WK2(F ) oin-
ide with the subgroup K∞2 (F ) = ∩n≥1Kn2 (F ) of innite height elements
in K2(F ); the group C˜ℓ resF of narrow logarithmi lasses oinide with the
group C˜ℓF of (ordinary) logarithmi lasses; and one has immediately:
rk2WK2(F ) = rk2K
∞
2 (F ) = rk2 C˜ℓ resF = rk2 C˜ℓF
(ii) If F is exeptional ( i.e. in ase i /∈ F c) the subgroup K∞2 (F ) has index 2
in the wild kernel WK2(F ) and one still has:
rk2WK2(F ) = rk2 C˜ℓ resF ≥ 1
(ii,a) In ase WK2(F ) and K
∞
2 (F ) have the same 2-rank, this gives:
rk2K
∞
2 (F ) = rk2 C˜ℓ resF ≥ 1.
(ii,b) And in ase K∞2 (F ) is a diret summand in WK2(F ), one has:
rk2K
∞
2 (F ) = rk2 C˜ℓ resF − 1.
Proof. In the non exeptional ase, the number eld F is not loally exeptional,
i.e. has no logarithmi signed plaes: PEF = PRF = ∅. In partiular, narrow
logarithmi lasses oinide with ordinariry logarithmi lasses and the result
follows from [12℄.
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In the exeptional ase, the number eld F may have real plaes, so the
narrow logarithmi lass group C˜ℓ resF may dier from the ordinary logarithmi
lass group. Moreover, beause the assumption PEF = ∅ and aordingly to
Huthinson [6, 7℄, the subgroup K∞2 (F ) has index 2 in the wild kernelWK2(F ).
Remark. It remains to determine whether a number eld F is not exeptional,
i.e. whether the ylotomi Z2 extension F
c
ontains the fourth root of unity i.
Of ourse if i ∈ F c then i is ontained in the quadrati subeld E/F in F c. Now
the nite subelds of Qc are the real yli elds Q(s) = Q[ζ2s+2 +ζ
−1
2s+2 ] and the
nite extensions of F c are of the form FQ(s). So we only need to hek whether
i is ontained in F [ζ2s+2 + ζ
−1
2s+2 ] where s is minimal with ζ2s+2 + ζ
−1
2s+2 /∈ F .
5 Examples
The methods desribed here are implemented in the omputer algebra system
Magma [2℄. Many of the elds used in the examples were results of queries to
the QaoS number eld database [13, setion 6℄.
The wild kernelWK2(F ) is ontained in the tame kernel K2(OF ). Let µ(F )
be the order of the torsion subgroup of F× and for a prime p of F over p denote
by µ1(Fp) the p-Sylow subgroup of the torsion subgroup of F
×
p . By oupling
Moore's exat sequene and the loalization sequene [5, setion 1℄ one obtains
the index formula [1, equation (6)℄:
(K2(OF ) : WK2(F )) = 2
r
|µ(F )|
∏
p
|µ1(Fp)|,
where p runs through all nite plaes and r is the number of real plaes of F .
We apply this in the determination of the struture of WK2(F ) in the ases
where the struture of K2(OF ) is known.
Abelian groups are given as a list of the orders of their yli fators;
[:] denotes the index (K2(OF ) : WK2(F ));
dF denotes the disriminant for a number eld F ;
CℓF denotes the lass group, P the set of dyadi plaes;
Cℓ′F denotes the 2-part of Cl/〈P 〉;
C˜ℓF denotes the logarithmi lassgroup;
CℓresF denotes the group of narrow logarithmi lasses;
rk2 denotes the 2-rank of the wild kernel WK2;
WK2 denotes the wild kernel in K2(F );
K∞2 denotes the subgroup of innite height elements in K2(F ).
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5.1 Imaginary quadrati elds
K. Belabas and H. Gangl have developed an algorithm for the omputation of
the tame kernel K2OF [1℄. The following table ontains the struture of K2OF
as omputed by Belabas and Gangl and the 2-rank of the wild kernel WK2(F )
alulated with our methods. We also give the struture of the wild kernel if it
an be dedued from the struture of K2OF and of the rank of the wild kernel
omputed here or in [14℄. The struture of the tame kernel K2(OF ) of all elds
exept for the starred entries has been proven by Belabas and Gangl.
The table gives the struture of the wild kernel of all imaginary quadrati
elds F with no exeptional plaes and disriminant |dF | < 1000.
dF CℓF K2(OF ) [:] Cℓ′F C˜ℓF C˜ℓ resF rk2 WK2 K∞2
-68 [ 4 ℄ [ 8 ℄ 2 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [4℄ [2℄
-132 [2,2℄ [ 4 ℄ 2 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [2℄ [ ℄
-136 [ 4 ℄ [ 4 ℄ 1 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [4℄ [2℄
-164 [ 8 ℄ [ 4 ℄ 2 [ 4 ℄ [ 4 ℄ [ 4 ℄ 1 [2℄ [ ℄
-228 [2,2℄ [ 12℄ 6 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [2℄ [ ℄
-260 [2,4℄ [ 4 ℄ 2 [ 4 ℄ [ 4 ℄ [ 4 ℄ 1 [2℄ [ ℄
-264 [2,4℄ [ 6 ℄ 3 [ 4 ℄ [ 4 ℄ [ 4 ℄ 1 [2℄ [ ℄
-292 [ 4 ℄ [ 4 ℄ 2 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [2℄ [ ℄
-328 [ 4 ℄ [ 2 ℄ 1 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [2℄ [ ℄
-356 [ 12 ℄ [ 4 ℄ 2 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [2℄ [ ℄
-388 [ 4 ℄ [ 8 ℄ 2 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [4℄ [2℄
-420 [2,2,2℄ [2,4℄ 2 [2,2℄ [2,2℄ [2,2℄ 2 [2,2℄ [2℄
-452 [ 8 ℄ [ 8 ℄ 2 [ 4 ℄ [ 4 ℄ [ 4 ℄ 1 [4℄ [2℄
-456 [2,4℄ [ 2 ℄ 1 [ 4 ℄ [ 4 ℄ [ 4 ℄ 1 [2℄ [ ℄
-516 [2,6℄ [ 12 ℄ 6 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [2℄ [ ℄
-520 [2,2℄ [ 2 ℄ 1 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [2℄ [ ℄
-548 [ 8 ℄ [ 4 ℄ 2 [ 4 ℄ [ 4 ℄ [ 4 ℄ 1 [2℄ [ ℄
-580 [2,4℄ [ 4 ℄ 2 [ 4 ℄ [ 4 ℄ [ 4 ℄ 1 [2℄ [ ℄
-584 [ 16 ℄ [ 2 ℄ 1 [ 8 ℄ [ 8 ℄ [ 8 ℄ 1 [2℄ [ ℄
-644 [2,8℄ [2,16℄ 2 [2,4℄ [2,4℄ [2,4℄ 2 [2,8℄ [?℄
-708 [2,2℄ [ 4 ℄ 2 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [2℄ [ ℄
-712 [ 8 ℄ [ 2 ℄ 1 [ 4 ℄ [ 4 ℄ [ 4 ℄ 1 [2℄ [ ℄
-740 [2,8℄ [ 4 ℄ 2 [ 8 ℄ [ 8 ℄ [ 8 ℄ 1 [2℄ [ ℄
-772 [ 4 ℄ [ 8 ℄ 2 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [4℄ [2℄
-776 [ 20 ℄ [ 4 ℄ 1 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [4℄ [2℄
-804 [2,6℄ [ 36 ℄ 6 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [6℄ [3℄
-836 [2,10℄ [ 4 ℄ 2 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [2℄ [ ℄
-840 [2,2,2℄ [2,6℄ 3 [2,2℄ [2,2℄ [2,2℄ 2 [2,2℄ [2℄
-868 [2,4℄ [2,4℄ 2 [2,2℄ [2,2℄ [2,2℄ 2 [2,2℄ [2℄
-904 [ 8 ℄ [4℄ 1 [ 4 ℄ [ 4 ℄ [ 4 ℄ 2 [4℄ [2℄
-964 [ 12 ℄ [ 8 ℄ 2 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [4℄ [2℄
-996 [2,6℄ [ 4 ℄ 2 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1 [2℄ [ ℄
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5.2 Real Quadrati Fields
The following table ontains all real quadrati elds F with no exeptional plaes
and disriminant |dF | < 1000. All these quadrati elds are exeptional.
dF CℓF [:] |P | |PE| Cℓ′F C˜ℓF C˜ℓ resF rk2
28 [ ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
56 [ ℄ 4 1 0 [ ℄ [ ℄ [ 2 ℄ 1
60 [ 2 ℄ 24 1 0 [ ℄ [ ℄ [ 2 ℄ 1
92 [ ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
120 [ 2 ℄ 4 1 0 [ ℄ [ ℄ [ 2 ℄ 1
124 [ ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
156 [ 2 ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
184 [ ℄ 4 1 0 [ ℄ [ ℄ [ 2 ℄ 1
188 [ ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
220 [ 2 ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
248 [ ℄ 4 1 0 [ ℄ [ ℄ [ 2 ℄ 1
284 [ ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
312 [ 2 ℄ 12 1 0 [ ℄ [ ℄ [ 2 ℄ 1
316 [ 3 ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
348 [ 2 ℄ 24 1 0 [ ℄ [ ℄ [ 2 ℄ 1
376 [ ℄ 4 1 0 [ ℄ [ ℄ [ 2 ℄ 1
380 [ 2 ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
412 [ ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
440 [ 2 ℄ 4 1 0 [ ℄ [ ℄ [ 2 ℄ 1
444 [ 2 ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
476 [ 2 ℄ 8 1 0 [ 2 ℄ [ 2 ℄ [ 2, 2 ℄ 2
604 [ ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
632 [ ℄ 4 1 0 [ ℄ [ ℄ [ 2 ℄ 1
636 [ 2 ℄ 24 1 0 [ ℄ [ ℄ [ 2 ℄ 1
668 [ ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
696 [ 2 ℄ 4 1 0 [ ℄ [ ℄ [ 2 ℄ 1
732 [ 2 ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
760 [ 2 ℄ 4 1 0 [ ℄ [ ℄ [ 2 ℄ 1
764 [ ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
796 [ ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
824 [ ℄ 4 1 0 [ ℄ [ ℄ [ 2 ℄ 1
860 [ 2 ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
888 [ 2 ℄ 12 1 0 [ ℄ [ ℄ [ 2 ℄ 1
892 [ 3 ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
924 [ 2, 2 ℄ 24 1 0 [ 2 ℄ [ 2 ℄ [ 2, 2 ℄ 2
952 [ 2 ℄ 4 1 0 [ 2 ℄ [ 2 ℄ [ 2, 2 ℄ 2
956 [ ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
988 [ 2 ℄ 8 1 0 [ ℄ [ ℄ [ 2 ℄ 1
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The following table ontains extensions with lass number 32 up to disrim-
inant 222780 and extensions with lass number 64 up tp disriminant 805596.
dF CℓF [:] |P | |PE| Cℓ′F C˜ℓF C˜ℓ resF rk2
112924 [ 2,16 ℄ 8 1 0 [ 16 ℄ [ 16 ℄ [ 2,16 ℄ 2
120796 [ 2,16 ℄ 8 1 0 [ 16 ℄ [ 16 ℄ [ 2,16 ℄ 2
136120 [ 2,16 ℄ 4 1 0 [ 16 ℄ [ 16 ℄ [ 2,16 ℄ 2
153660 [2,2,8℄ 8 1 0 [ 2,8 ℄ [ 2,8 ℄ [2,2,8℄ 3
158844 [2,2,8℄ 8 1 0 [ 2,8 ℄ [ 2,8 ℄ [2,2,8℄ 3
163576 [ 2,16 ℄ 4 1 0 [ 2,8 ℄ [ 2,8 ℄ [2,2,8℄ 3
170872 [ 2,16 ℄ 4 1 0 [ 16 ℄ [ 16 ℄ [ 2,16 ℄ 2
176316 [ 2,16 ℄ 24 1 0 [ 16 ℄ [ 16 ℄ [ 2,16 ℄ 2
176440 [ 2,16 ℄ 4 1 0 [ 16 ℄ [ 16 ℄ [ 2,16 ℄ 2
196540 [ 2,16 ℄ 8 1 0 [ 16 ℄ [ 16 ℄ [ 2,16 ℄ 2
202524 [ 2,16 ℄ 24 1 0 [ 16 ℄ [ 16 ℄ [ 2,16 ℄ 2
207480 [2,2,2,4℄ 4 1 0 [2,2,4℄ [2,2,4℄ [2,2,2,4℄ 4
213180 [2,2,2,4℄ 24 1 0 [2,2,4℄ [2,2,4℄ [2,2,2,4℄ 4
221276 [ 2,16 ℄ 8 1 0 [ 16 ℄ [ 16 ℄ [ 2,16 ℄ 2
222780 [2,2,8℄ 8 1 0 [ 2,8 ℄ [ 2,8 ℄ [2,2,8℄ 3
374136 [2,2,16℄ 12 1 0 [ 2,16 ℄ [ 2,16 ℄ [2,2,16℄ 3
382204 [ 2,32 ℄ 8 1 0 [ 32 ℄ [ 32 ℄ [ 2,32 ℄ 2
449436 [2,2,16℄ 8 1 0 [ 2,16 ℄ [ 2,16 ℄ [2,2,16℄ 3
484764 [2,2,16℄ 24 1 0 [ 2,16 ℄ [ 2,16 ℄ [2,2,16℄ 3
506940 [2,2,2,8℄ 24 1 0 [2,2,8℄ [2,2,8℄ [2,2,2,8℄ 4
805596 [2,2,16℄ 24 1 0 [ 2,16 ℄ [ 2,16 ℄ [2,2,16℄ 3
5.3 Biquadrati Extensions
The following table ontains quadrati and biquadrati number elds. The
biquadrati elds are the ompositum of the the rst quadrati extensions and
one of the other quadrati extensions. All elds are exeptional.
F dF r CℓF [:] |P | Cℓ′F C˜ℓF C˜ℓ resF rk2
K 9660 2 [2,2,2℄ 8 1 [ 2,2 ℄ [ 2,2 ℄ [ 2,2,2 ℄ 3
L1 9340 2 [ 10 ℄ 8 1 [ ℄ [ ℄ [ 2 ℄ 1
KL1 4 [2,2,2,10℄ 128 2 [2,2,2℄ [2,2,2℄ [2,2,2,2,2℄ 5
L2 13020 2 [2,2,2℄ 24 1 [ 2,2 ℄ [ 2,2 ℄ [ 2,2,2 ℄ 3
KL2 4 [2,2,4℄ 384 2 [ 2,2 ℄ [2,2,2℄ [2,2,2,2,2,2℄ 6
L3 15708 2 [2,2,2℄ 8 1 [ 2,2 ℄ [ 2,2 ℄ [ 2,2,2 ℄ 3
KL3 4 [2,2,4,28℄ 128 2 [ 2,2,4℄ [2,2,4℄ [2,2,2,2,2,4℄ 6
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5.
4
E
x
a
m
p
l
e
s
o
f
h
i
g
h
e
r
d
e
g
r
e
e
s
f dF r Gal CℓF [:] |P | Cℓ′F C˜ℓF C˜ℓ resF rk2
x4 + x2 − 6x+ 1 -3312 2 D(4) [ ℄ 8 1 [ ℄ [ ℄ [ 2 ℄ 1
x4 − 2x3 − 2x2 + 18x+ 21 3600 0 E(4) [ 2 ℄ 6 1 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1
x4 + 25x2 + 400 608400 0 E(4) [ 4,8 ℄ 72 2 [ 4 ℄ [ 4 ℄ [ 4 ℄ 1
x4 + 56x2 − 32x+ 713 700672 0 D(4) [2,2,4℄ 4 1 [2,4℄ [2,4℄ [2,4℄ 2
x4 + 3x2 − 30x+ 66 723600 0 D(4) [ 4,8 ℄ 24 2 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1
x4 − 2x3 + 29x2 − 28x+ 417 781456 0 E(4) [ 4,8 ℄ 2 1 [2,8℄ [2,8℄ [2,8℄ 2
x4 + 10x2 − 28x+ 18 815360 0 D(4) [ 4,8 ℄ 4 1 [2,4℄ [ 4 ℄ [ 4 ℄ 1
x4 + 12x2 − 40x+ 81 825600 0 D(4) [ 4,8 ℄ 1 1 [ 8 ℄ [ 8 ℄ [ 8 ℄ 1
x6+ 2x5−4x4−16x3+6x2+44x+308 -6832605533873152 0 S(6) [ 2,2 ℄ 8 2 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1
x6 − 2x4 + 10x2 + 12x+ 260 -3797563908766976 0 S(6) [ 2,2 ℄ 8 2 [ 2 ℄ [ 2 ℄ [ 2 ℄ 1
x6 + 2x5 + 4x4 − 2x2 − 4x+ 260 -382132112360448 0 S(6) [ 4 ℄ 48 2 [ 4 ℄ [ 4 ℄ [ 4 ℄ 1
x6 − 26x4 − 16x3 + 90x2 − 52x+ 68 -212547578875136 4 S(6) [ 2 ℄ 128 2 [ ℄ [ ℄ [2,2℄ 2
x6 − 7x4 + 14x2 − 7 1075648 6 C(6) [ ℄ 128 1 [ ℄ [ ℄ [ 2 ℄ 1
x8 + 4x7 −8x6 − 42x5 + 11x4
+130x3 +15x2−106x+11 8090338299904 8 [A(4)2]2 [ ℄ 512 2 [ ℄ [ ℄ [2,2℄ 2
x8−2x7−27x6+62x5+185x4
−520x3−40x2+832x−496 9082363580416 8 E(8) [ ℄ 512 2 [ ℄ [ ℄ [ 2 ℄ 2
x8−4x7−20x6+30x5+105x4
−30x3−168x2−78x−3 9299377062144 8 [A(4)2]2 [ ℄ 2048 2 [ ℄ [ ℄ [ 2 ℄ 1
x8+2x7−22x6−8x5+159x4
−160x3−110x2+186x−47 9451049953536 8 [A(4)2]2 [ ℄ 2048 2 [ ℄ [ ℄ [2,2℄ 2
1
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